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Appendix E
Standard Model

E.1 Lagrangian

The Lagrangian of the Standard Model is quite voluminous, and
it is already a problem by itself to get all the Feynman rules
correct. We will give it a try in this appendix. This section gives
the explicit form of the Lagrangian. We assume the snnplest
Higgs sector. The gauge chosen is the Feynman—"t Hooft gauge.
In this gauge the numerator of the vector boson propagators is of
the form §,,, with respect to the Lorentz indices. There are ghost
fields, Higgs ghosts and Faddeev—Popov ghosts. The ghost fields
must be included for internal lines, but they should not oceur
as external lines. They do not correspond to physical particles,
but they occur in the diagrams to correct violations of unitarity
that would otherwise arise due to the form of the vector boson
propagators chosen here. The proof of that fact is really the
central part of gauge field theory.

The Lagrangian including the gauge ‘breaking terms can conve-
niently be subdivided in a number of pieces:

['total L:c + L:w + ;Cf + »CfH + Efc + £FPc + ‘CFPW

These pieces are

e L.: colour Lagrangian, describing the gluons of quantum chro-
modynamics and their mutual interactions;

e L4: weak Lagrangian, describing the vector bosons and their
interactions including interactions with the Higgs system;

o L;: fermion Lagrangian, describing the interactions of the ferm-
ions with the weak vector bosons; :

o L fermion—Higgs Lagrangian, describing the interactions of
the fermions with the Higgs system; .
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e L¢: fermion-colour Lagrangian, descnbmg the interactions of
the fermions with the gluons;

e Lppe: the Faddeev—Popov ghost Lagranglan of quantum chro-
modynamics;

e Lrpw: the Faddeev—Popov ghost Lagrangian of the weak inter-
actions.

A feature of the present day situation must be mentioned here.
In the old days, doing quantum electrodynamics, the important
feature was the bare simplicity of the Feynman rules and the small
number of particles. The electron and/or muon and the photon
were the main players. One vertex, the fermion-photon vertex
was all that was needed. As a consequence the number of ‘graphs
remained relatively small, in fact usually only one at the one loop
level. This fact has made the calculation of as much as four loop
effects possible. These very advanced calculations require the use
of mechanical procedures, i.e., algebraic computer programs.

To some extent this same s1mp1101ty applies to quantum chro-
modynamics. But in the weak interactions the situation is vastly
different. There are now many particles to be considered, and
the number of vertices is huge. As a consequence the number of
one loop graphs is often already so large that mechanical proce-
dures are needed to process them. These mechanical procedures
are very different in nature from those used in quantum electro-
dynamics. In weak interactions the difficulty is in handling the
multitude of vertices and particles. S

To establish notation, here are the fields corresponding to the
known particles at this moment and the various ghosts.

- A,: the photon;

- W;" » Wi, Zﬂ: the charged and neutral vector bosons of weak
interactions;

- ¢%, ¢~, ¢°: the charged and neutral nggs ghosts;

- H: the physical Higgs particle;

- €% v%, a=1,2,3: three lepton generations;

- d7, u?, a=1, 2 3,7=1,2,3: three quark generations of three
colours each.

- Y: the FP ghost associated with the photon;

- X+, X~ and X©: the FP ghosts associated with the three vector
bosons of weak interactions;
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- gy, a=1...8 the elght gluons;

-G*%a=1.. .8: the eight FP ghosts associated with the gluons

The FP (= Faddeev—Popov) ghost ﬁelds are larger in number
than one might think at first. To begin with, remember that they
are fictitious particles with fictitious rules. The minus sign for a
closed FP loop is just a prescription. Further, the X~ field has
nothing to do with the X field, for example it is not true that
the XT field contains a creation operator for an' X~ particle.
The way this must be read is this: the X~ field contains the
absorption operator for an X~ and the creation | operator for an
anti-X—. The anti-X~ field will be denoted by X~ and contains
the absorptlon operator for an anti-X ™ and the creation operator
for an X~. So, on the one loop level, considering Z° self-energy
diagrams there will be typically two X-graphs one with an X~
and one with an X7 circulating. By contrast, there is only one:
graph with a circulating charged vector boson. If we had used real
vector bosons W and W2 there would have been two W graphs,
and that indeed corresponds more closely to the situation in the
FP Lagrangian. In fact, the rule is that corresponding to a real
vector field there is a complex FP field. In the case at hand that
applies to the FP ghosts associated with the photon and gluon
fields. Thus there are ¥ and G fields.

The parameters occurrmg in this Lagrangian will be discussed
below. :

AR

—WFa, Wy — M*WHW,  —18,230,20 - 55 M*Z)Z)

-16,A,0,4, -18,H8,H — tm? H?
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~pn [2ME 4+ WLH 4 L(H? + 4% +26107)] + B
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+23 (WFa W -~ Wsa,W;))
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The quantities appearing in this Lagrangian are given below.
The numerical values are from the Particle Properties Data table
1992. Numbers depend on values assumed for the top quark and
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Higgs masses, and there is some ambiguity of interpretation if it
comes to including radiative corrections, because to some extent
these can be pushed around. The experimentally measured quan-
tities include of course all radiative corrections, and must not be
confused with the parameters in the Lagrangian. Consider the
numbers given below as indicative, up to the level of, say, 0.5 % .

— The sine and cosine of the weak mixing angle, s,, and c¢,. Nu-
merically 82, = 0.2337-0. 2310.

— The couplmg constant g. Its numerical value is linked to the
value of the fine-structure constant aem = 1/137.036 by means
of the relation oy = g%/4m = a/s2. This gives oy, = 1/31.8.

— The vector boson mass M = 80.22 £ 0.26 GeV. Being an un-
stable particle the definition of its mass is ambiguous on the

= level of 0.1%.

- Expenmentally the neutral vector boson mass My = 91.173 -+
0.020 GeV. That includes of course all radiative corrections.
From the point of view of parameters in the Lagrangian, with
the simplest Higgs system used here, the neutral vector boson
mass My is not a free parameter, and equals the mass of the
charged vector boson M divided by c,: Mo = M/cy,.

— The Higgs mass my. Only a lower limit is known: mp > 50

- GeV. .

— The tadpole constant 3y,. It is zero in lowest order, and must be
adjusted such that the vacuum expectation value of the Higgs
field H remains zero.

- The Higgs scattering parameter o, This is not an independent
parameter, it is equal to m2 /4M?2. If this parameter exceeds
V1o, = 6 perturbatlon theory for the Higgs sector breaks
down.

The fermion Lagrangian describes the interactions of three lep-
ton and three quark generations. Below, zero neutrino mass is
assumed. The generations are labelled using the indices A and &, -
and for example e? is the muon, and v? is the 7-neutrino. Like-
wise u is the top quark. Colour is indexed by means of the index
J, taking the values 1-3. The various parameters, including the
unitary matrix C (CKM matrix) will be discussed below.
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The Fermion-Higgs Lagrangian contains the interactions of the
Higgs ghosts with the fermions, and the _essentially untested in-

teractions with the Higgs partlcle All these interactions are pro-

portional to the ratio of the fermion mass and the vector boson
mass.

I

fH

O

A

Sk

L9
V2

4P (1 = 19)e)) + 6= (€A1 + 0]
—§2e [H(@ et + g0 (B yPet) ] '
50" [mE @O~ 17)d5) + mA@Cre(1 +79)d5)]
+td™ (MA@ O+ 79u) - mE@CLA ~ )]

Ao Ao S
—§5 H (g ug) - § 37 H(d) 4) + § 53 0@ 7))

LY
>

T+

= A =
~ 4T d).
—
The various quantities in the fermion Lagranglan are:

- The lepton masses: m. = 0.511 MeV, m,, = 105.658 MeV and

m, = 1784 MeV. :

- The quark masses: mg = 5-15 MeV, m, = 2-8 MeV, ms =
100-300 MeV, Me = 1.3-1.7 GeV, mb =4.7-5.3 GeV and m; > 91
GeV. :

- The Cabibbo—Kobayashl—-Maskawa matrix, specified below.
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The most general form of the quark mixing matrix may be
transformed into a unitary matrix C, using the symmetries of the
Lagrangian. This matrix can be parametrized in various ways;
we follow the conventions of the Data booklet. In analysing data,
and in the Feynman rules one uses the notation shown here:

Vud - Vus Vub
Vea Ves Ve
th V:ts th

C =

Experimentally, the ranges for the various parameters are:

0.218-0.224  0.9735-0.9751  0.032-0.054

0.9747-0.0759  0.218-0.224  0.002-0.007 } |
%,
0.030-0.054  0.9985-0.9995

0.003-0.018

In terms of three angles, 82, 13 and 3, all in the first quadrant,
and a phase §, in the range 027, one has:

C = | —s12c3 — c12823513€"  c1aca3 — s12523513€%°  sazcis

€12€13 , - S12¢13 i 8136_7‘6]
S12893 — C12C23513€"  —C12893 — S1223813€%  cozis

As the reader surely guessed, s12 = sinfy2 etc. The phase angle §
is usually denoted as 613. The experlmental ranges for the angles
are at thlS tlme

s12 = 0.218-0.224 s93 = 0.032-0.054 s13 = 0.002-0.007 .

The quantity 613 is essentially unknown, except that it is non-zero_‘
if indeed CP-violation as observed in K-decays is due to this phase.
The angle 015 is very close to what used to be the Cabibbo angle,
at a time when there was no third generation on the horizon. We )
repeat that the matrix C is unitary, i.e., CT = (C)*=Cc 1.

The weak Faddeev—Popov ghost Lagrangian is quite compli-
cated, but contains no references to fermions. One must be thank-
ful for little things. :
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+ igeaWiH (0, KOX~—8,X+X0) + igsu W, (9, ¥ X~ =8, X 1Y)

+ igcw W, (0, X~ X°—-8,X°XT) +igsuWy (0, X"Y-8,YXT)

+ige, 208, XY XT — 8,X7X7)
tigswAu(8,XTXT—8,X~X7)

~ LM [R*XTH+ XX H+ 4 X°X°H]|

1 152higM [+ XOSF - X~ X097
+piigM [XOX ¢t — XOXT¢7] | |

b igMsy [X-Y ¢~ — X+Y¢+] + Jight [R¥X+¢° — X~X7¢°]

—

Quantum chromodynamics has become quite a domain of spe-
cialists. At low energies perturbation theory is not valid, and even
at high energies, where perturbative QCD is supposedly valid the
situation remains difficult. This is due to colour confinement, the
large number of fundamental vector bosons (the gluons), a,nd_the
fact that they are massless. Anyway, we just cite the. Lagrangmns
for what they are worth. This requires a few preliminaries.

There are eight 3 X 3 hermitian traceless matrices A"’,' a =
1...8. They are the straight generalization of thg 2% 2 P'auh spin
matrices, in fact the first three are the Pauli spin matrices 1 &
two dimensional subspace:

0 1 0 001 0 0 0\
a=[1 0 0} »=[0 0 0 M={0 0 1
0 0 0 100 . 010

0 —i O 00 —i 00 0\
=i 0 0 »¥=[0 0 0 N=|0 0 — )
0 ‘0 0 . i 0 0 0 i O -

S

1 0 0 : 10 0Y
M=o -1 0 A= 0 1 0 .
o 0 o - \o 0 -2/
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The commutation and anticommutation rules for these matrices
are: ’

__i a 'i’ b] .. pabe __Z c

[N =g

—i,.4 —F -1 1

—Tye - b =_~dabc_ c__ = )‘0 .

where A0 is the 3 x 3 unit matrix. The coefficients f are anti-
symmetric in all three indices while the d are symmetric in all
indices. They are:

fi2zs  fuar  fise  foae  fosr  faas  faer  fass  fers
1 1 1 1 1 1 1 3 ¥
2 2 3 3 3 5 3 )

1

i 1 Y 1 —ik 1 A 1 1
/3 2 2 73 2 32 73 2 p

d3e6 daz"( ' d4§s ‘ dsgs d6(i8 dqs d8133
2 T2 3 23 2v3 23 V3

d11s c1l146 611157 dlzzs doar fil256 " d33s ?344 ?355

The structure constants f satisfy a Jacobi identity:

f(g,a,b)f(g,¢,d) + f(g,¢,0) f(g,b,d) + f(g.b,¢)f(9,a,d) =0,
for any a, b, ¢ and d and with g summed over from 1 to 8.
A useful equation for the trace of the product of two A matrices:

Tr [)\“Ab] = %6, -

The colour gluon, the colour fermion and the colour FP La-
grangian are:

VLo = —30,020,9% — gsf°0uglbes
— Lg? fobegadegh geqdge
Liga (@71 2G09) o8

.

L Virpe= GUPGR + g, f0.GGg;

z \/[ffc =

In here g, is the (strong) coupling constant of QCD. The indices a,
b and c take the values 1...8 corresponding to the 8 gluons. The
lower quark indices ¢ and j take the values 1...3, implying the
three colours. The upper index o, also to be summed over, des-
ignates the six quark flavours up, down, strange, charm, bottom

‘and top. All these quarks have identical colour interactions.



